(FINITE) PRESENTATIONS OF BI-ZASSENHAUS LOOP 

ALGEBRAS 



G. JURMAN 

Abstract. We prove that Bi-Zassenhaus loop algebras are finitely presented up 
to central and second central elements. In particular, we show an explicit finite 
presentation for a Lie algebra whose quotient over its second centre is isomorphic 
to a Bi-Zassenhaus loop algebra. 



1. Introduction 

The family of simple modular Lie algebras nowadays known as Hamiltonian al- 
gebras was discovered in the fifties by Albert and Frank |AF55j and it was named 
after them. By definition, they are graded over a non-cyclic elementary abelian p- 
group. Shalev |Sha94] noticed that they also have a cyclic grading with a non-singular 
derivation cycling over this grading. This property allowed him to build an infinite- 
dimensional loop algebra starting from the original simple one. The new structure is 
of maximal class, i. e. it is N-graded with all homogeneous components of dimension 
one except the first one which has dimension two and generates the entire algebra. 
These new algebras are known as Albert-Frank-Shalev (AFS, for short) algebras. 
In the following years there has been a growing interest in these algebras. Caranti, 
Mattarei and Newman developed new techniques to construct more algebras [CMN97j 
and later Caranti and Newman achieved a classification theorem for odd characteris- 
tic fields of definition |CNOO] . The remarkable result they reached yields that every 
infinite-dimensional N-graded Lie algebras of maximal class generated by its first ho- 
mogeneous component can be built starting from an AFS-algebra. To get the claim 
they need a theorem proved by Carrara in [Car98l ICarOl] , which states that every 
AFS algebra is uniquely determined by a suitable finite dimensional quotient. This 
result was obtained as a corollary of a more general property she discovered: AFS- 
algebras are finitely presented up to central and second central elements. A similar 
classification for characteristic two is still valid |Jur05j . but in this case another family 
of algebras is involved, the Bi-Zassenhaus loop algebras (B^ for short). The loop con- 
struction process for them is exactly the same as for Albert-Frank-Shalev algebras, 
but the simple finite-dimensional algebra at the beginning is different. Here we show 
that the property described above for AFS-algebras is satisfied by B;-algebras, too. 
The fact that B^-algebras are uniquely determined by a suitable finite-dimensional 
quotient again follows as a corollary. In particular, the proven result is the following 

Theorem. For every Bi-Zassenhaus loop algebra Bi{g,h), there exists a finitely pre- 
sented graded Lie algebra M{g, h) such that M{g, h)/Z2{M{g, h)) = Bi{g, h) . 
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The construction of the algebra M by means of cohomological arguments is shown 
in |Jur04j . Since the centre of M is infinite-dimensional, a group-theoretical result of 
B.H. Neumann |Rob93t pp. 52-53] transferred to Lie algebra shows that this implies 
that B/ itself is not finitely presented. The relations in the presentation of the algebra 
M are retrieved by expanding several suitable generalized Jacobi identities, thus ma- 
chine computations took a main role throughout the work. These computations were 
performed by the software p-Quotient Program |HN097] developed at the Australian 
National University in Canberra. Nevertheless, all the proofs are independent from 
such calculations. 

2. Preliminaries 

A graded Lie algebra 

oo 

L = Li , 
1=1 

defined over a field of positive characteristic p and generated by Li is said to be of 
maximal class if dim(Li) = 2 and dim(Lj) < 1 for i > 1. Its elements are written 
left-normed and in exponential form: 

[uv"^] = [[[uv]v] ■■ - v] . 

n 

The two-step centralizers Ci of L are defined as the one-dimensional subspaces CiiiLi) 
of Li centralizing the homogeneous components Li when i > 1, while Ci = C2 is 
formally assumed. Following the classical notation, we define the element y by means 
of C2 = and we choose another element x e Li\¥y. The pair {x, y} is thus a set of 
generators for Li. Let Ck the first occurrence of a two-step centralizer different from 
¥y. When the class of L is larger than -|- 1, all the two-step centralizers coincide 
with C2 apart from isolated occurrences of different subspaces, so it is possible to 
define a constituent of L as a subsequence (Ci, . . . ,Cj) where all centralizers coincide 
with C2 but the last one, and either z = 1 or Cj_i 7^ C2. Homogeneous elements lying 
in class i — 1 and j are respectively said to be at the beginning and at the end of the 
constituent and they are not centralized by C2. 

A graded Lie algebras of maximal class is determined by its sequence of two-step 
centralizers, and, when only two of them are distinct, by its sequence of constituent 
lengths. The first constituent of a graded Lie algebra of maximal class whose class is 
larger than A;-|-2 is always of length 2q for some power q = p^ called its parameter, and 
all other constituents can only be short {i.e. of length q) or long (2g) or intermediate 
{2q — p*, where < s < h — 1). The standard result |CMN97[ Prop. 5.6] holds also 
when central and second central elements occur, as shown in [CarOlj : for a (large 
enough) algebra of parameter q, 

(CC) the only possible constituent lengths are 2q and 2g — 2^, < s < h . 

From now on, unless explicitly stated, we will assume p = 2. This allows us to 
ignore signs safely so that the generalized Jacobi identity reads as follows in the two 
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equivalent forms: 

A 



The generahzed Jacobi identity can be more effectively used by introducing the ele- 
ment z = X + y: if 7^ f G Lj, for some i > 1, and if Ci, Cj+i, . . . , Cj+„_i G {Fx, ¥y}, 
then for every non-zero commutator [vxiX2---Xn] with Xi G {x,y} we have that 

[vXiX2 ...Xn] = [VZ"-] . 

The Bi-Zassenhaus loop algebras Bi{g,h) form a family of elementary objects 
among infinite-dimensional graded Lie algebras of maximal class. They are defined 
when the characteristic of the underlying field is two and (/i, (7 — 1) G N x N. If expo- 
nential notation is employed in order to indicate consecutive occurrences of patterns, 
the sequence of constituent lengths of the algebra Bi{g, h) reads as 

2g,2g-l,((2gri,(2g-l)2)°° , 

where q = 2^ and rj = 2^ — 1. Thus in a B;-algebra the only intermediate constituents 

are those of maximal length 2g — 1 and there are no short constituents. Suppose 

00 

M = Mi is a graded Lie algebra such that M/Z2{M) is a graded Lie algebra of 

i=l 

maximal class. We define a constituent of M as a constituent of M/Z2(M), ignoring 
the central or second central elements of M. 

The notation w""^ will be used for an homogeneous element such that [w'^x'^] = w . 
Then we define the elements 

vn = [yx''^-\yx''^-\yx''^-^r-'yx''^-'r] , 

which lie in the homogeneous components of indices 2q+dn where d = 2^^^'^^— 2 is the 
dimension of the simple algebra B{g,h) and n ranges over the non- negative integers. 
When the two parameters a, b lie in the intervals 2 < a < h + 1 and h + 2 < b < g + h, 
we can define the following elements, consistently with the notation in [Jur04j : 

= [vnx] {2q + l + dn) 

= [t;„i/x2''-2'+'""-iy] (4g _ 2'^+2-» + 1 + rfn) 

0^ = [OL+iV] {2q + 2 + d{2n + l)) . 

The number in parentheses is the weight of the element, i.e. the index z > 1 of the 
homogeneous component Mj in which it lies. Finally, we define the shorthands 

_ J [vnyx^'^~^] for i = 1 , 

^"■'^ ~ \ [t;„yx^^~^(yx^''"^)*"^?/x^''"^] otherwise . 

Note that [fJ'0,r]-29+h+i+b+2y] = "when h + 2<b<g + h. 
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3. The finite presentation 

Fix a particular B; algebra L and then find a finite set R' of homogeneous relations 
such that M' = (x, y : E!) is a presentation of a suitable m-dimensional Lie algebra 
such that M'/Z2{M') is isomorphic to a graded quotient of L and remove the relations 
of degree m + 1. What obtained will be shown to be a finitely presented, infinite- 
dimensional graded Lie algebra M such that M/Z2{M) = L. Adding to R' the set 
of relations used to annihilate the central and second central elements, a graded Lie 
algebra of maximal class M gets defined, isomorphic to L and uniquely determined by 
a suitable finite-dimensional quotient M'. When all the homogeneous relations that 
define the algebra L up to central and second central elements up to class m = 2q{ri+2) 
are added to R', then the resulting algebra M starts as a graded Lie algebra of 
maximal class with initial segment of constituent lengths 2g, 2q — 1, 2q^~^, 2q — l and 
Ci e {Fx, ¥y} for every 1 < i < m, but most of the m — 2 relations that in every class 
2 < i < m set the two-step centralizer Ci are actually redundant. Thus the proof of 
the main theorem reduces to show that the following q + h + rj relations 

[yx'^i+^y] = 0, 0<j<q-2, 
[elx] = 0, l<t<g + h or t = ij, 

[fio,t+2y] = 0, < t < - 2 and - t 7^ 2", for 1 < a < y - 1 . 

defining the set R are sufficient to give a presentation for M{g, h). 
The first set of q relations defines the parameter q — 2^: 

[yx^^^^y] = for < j < g - 2 , [yx^'^+^] = . 

This makes all homogeneous components have the same two-step centralizer up to 
weight 2q. Moreover, they force all further constituents to be short, long or interme- 
diate. The next relation 

[yx^'^-^yx'i-^yx] = 

states that the second constituent is not short: in particular, this implies that no more 
short constituents or two-step centralizers other than the first two will be involved. 
A standard argument shows that the second constituent cannot be long, so it can be 
only intermediate. The following h — 1 relations 

[yx^'^-V^'^^'^yx] = for 1 < s < - 1 

establish its length as the maximal possible 2g — 1. So the algebra is not infiated and 
starts moving on the branch of the limit algebra AFS(/i, oo, 2): furthermore, we 
know that from now on its sequence of constituent lengths will contain only long and 
maximal intermediate constituents. By the classification we know that the number of 
long constituents before two intermediate ones is a power of two minus one or minus 
two. The remaining rj relations determine the algebra as belonging to the B; family 
rather than to the AFS one: 

[yx'^'i-^yx'^'i-'^iyx'^'i-yyx^'^-^yix)] = forO<t<77-2, 

[yx'^'i-'^yx'^'i-'^{yx'^'i-y-^yx^''-^yx] = , 

where the (x) appears only when rj — t is a. power of two. 
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4. The proof: the structure 

We will prove that the sequence of constituent lengths of (M, R) and L are the 
same and that the two algebras differ only in central or second central elements; in 
particular, we claim that the elements are the only central and second central 
elements that may occur: the construction shown in |Jur04] completes the picture. 
For clarity, the expansion of the following Jacobi identities which are not immediate 
is carried out in Appendix [Aj 

4.1. Using the first group of relations. The first homogeneous component is 
obviously two-dimensional: 

Ml = (x, y) . 

The first group of relations written above shows the structure of M up to class 2q+ 1: 

M, = {[yx'-']) for 2 < ^ < 2g , Ms.+i = {[yx^'^-'y], [yx^'^] = Ol) . 
In fact, the elements 

[yx^y] for < j < 2g — 2 

vanish either by the relations in R (in the case j odd) or by the following inductive 
argument (when j is even): 

= [[yx^][yx^ = (^fj[yx^y] . 

Finally, the relation in class 2g + 2 

[yx'^^'] = [e',x] = 

and the expansions 

= [yx'^''~'^[yxy]] = [yx'^'^'^yy] , 

= Wyx^yx'^]] = ! J [yx^'-'vA + {^^ [yx"^y] = [ely] 

show that the first constituent of M has length 2q, that C2q = Fx and that 6^ is 
central: 

M2q+2 = {[yx^'-'yx]) . 

4.2. The constituent lengths. The relations just obtained are those needed to 
prove that property (C£) holds in M. As a direct consequence, if v is not centralized 
by y, then 

[vnyx^'y] = when 7^ 2g - 2* - 1 for < s < /i . 

By using this equation, it is not difficult to show that the second constituent of M is 
of maximal intermediate length 2g — 1, that its last element is centralized by x and 
that the elements 6q are central, for 2 < a < h + 1: 

{{[yx^'i'^yx'-^] , for 3 < z < 2g - 1 , 

[yx^i-^yx'-'^y] = 9^) i = 2q-2^+^-'' + l, 2<a< h+1 , 
{[yx'^''~^yx^~^]) otherwise , 

M4, = {[yx'^-V-'y]) . 
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Since two consecutive values of i cannot be both of the type 2q — 2^*+^^" — 1, the 
thesis follows from the fact that every element 

vanishes by the property (CC) when < j < 2g — 3 and j ^ 2q — 2^ — 1 for 1 < s < h 
and otherwise, by the relation 

[yx^'^-'yx'yx] = [^o^'^'x] = 

and the expansions 

= [yx"^-'yx^-'[yxy]] = [yx"^-'yx^yy] = [^-^y] , 



= [[yx"^-'][yx"^-']] = Q j[yx"^-'yx 

4.3. The number of long constituents. Now we deal with the remaining structure 
of M up to class m = 2q{ri + 2), by showing that when i runs between zero and 77 — 1 
and k between zero and 2q — 1, with 7^ 2g — 1 for i = 77 — 1, we have that 

' {[yx^i-^yx^'^-^iyx^i-^yx^i-^] , for = 2g - 1 , 

[yx^i-^yx^i-\yx^i-^yyx^i-^y] = i = r] - 2^+^+1-'', and 
Aq+2qi+k = \ Oq) h + 2<b<g + h, 

{[yx'^'^^^yx'^'^~'^{yx'^'^'^yyx'^]) otherwise . 

To prove the above result, we consider separately some cases: 
• when k = Q 

— and i > (the case 2 = has been already dealt with in the previous 
subsection), first of all we have the relation [9qx\ = [yx'^'^~^^] = 0: 

,2g-K,^2f,-2/,,^2f,-lV-K,^2g~2r/il^ll _ / + IV 2g-K,^2g-2/„^2g-lv,,^2g-l, 



= [yx"'-'yx"^'\yx"^~'y-'yx"'"'[el,x]] = ( ][yx"^~'yx"i~\yx"'-^yyx"'~^x] 



in particular, if i = rj — 2^^^^^ ^ , ioi h + 2 < b < g + h, then the previous 

^0 



homogeneous component has dimension two; in this case, to show that 9q 



is central, we can use the relation 

[e',x] = 

and the standard expansion 

= [yx'^--V-\yx''-'y~V-'[yxy]] = Ky] ; 

• when k = 2q — 2^ , for 1 < s < h, 

— and i = 0, we can use the following Jacobi expansion: 

;i) = [[yx2^-iya;'^-2-i-i] [^^29-1^^,-2-1-1]] ^ [yx^^-^yx^'^-^yx'^-'y] ; 

— and i > 0, by using the relation [6*0'*' ^x] = in the following identity, which 
is the case n = of ([1]): 

= [/xo.[C^]] = [yx''~W-\yx''-'yyx'^'y] • 
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• when k = 2q — 1 and i < rj — 2, the thesis exphcitly follows by the relation 
[/io,i+2y] = 0, when i ^ r] — 2^+^+^-''^ while otherwise there is nothing to prove 
since the homogeneous component is two-dimensional. 

• by proposition (CC) in the remaining cases. 

So we have proved that M has the same structure of L up to class m, apart from 
some central elements. 

4.4. Prom the quotient algebra to the whole algebra. Now we have to prove 
that the finite-dimensional quotient we built determines M as a B;-algebra, apart 
from the central and second central elements for any integer n> 1. 
The last equation in the previous section shows that 

M2g+d ^ (vi) ; 

by induction the homogeneous component in class 2q + dn is one-dimensional too, 
generated by the element 

M2q+dn = (Vn) ■ 

In what follows we describe the structure of the next d homogeneous components of 
M, i.e. of an entire period of the algebra. The homogeneous component in class 
2q + 1 + dn is two-dimensional: 

where can be central or second central, since in the next class 

{[vnyx]) when n is even , 



M2g+2+dn-<^ {[vnyx],[vnxy]=e'i^) wheu Ti is odd . 

2 

In fact, in addition to the standard identities 

= K^iyxy]] = Kyy] 

and the following one derived by the relation [O^x] — [yx^^"*"^] = 
= [v^^.yx^'-'iyx'^-'r-W-'iOlx]] 



^ J [Vn-iyx'''-'{yx"^-y-V] = [O'nX] = [VnXx] , 

when n = 2s is even we have the equation 

[vnXy] = [ely] = , 

given by the expansion 

(2) [K^'-Hvj^'-'^w^o, 

that shows the centrahty of 9l in those cases. 

Now we consider class 2g -|- 3 -|- dn: if n > 1 is odd, first we have the equation 

= ^[ya^y]] = [O'Liv] = [vnxyy] ; 

2 

then, if n = 1 we have the relation 

= = [vnxyx] , 
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otherwise we can use the expansion 

(3) = [v,,_2yx'"^-\yx'''^-^f-V-y>]] = [ei^x] = [vnxyx] , 



2 



to show that the element 6'^_i is centraL Finally, if g = 2 the element [vnyxy] is just 

2 

6'^, while when q> 2 the relation [yxxxy] = holds, so we can expand 
= [Vn^lyxxxy]] = [vnyxy] = [vnVxy] . 
Summarizing, we have 



Mo 



^ {[vnyxx], [vnyxy] = 61) when g = 2 
2g+3+dn S ([v^yxx]) otherwise . 



Now we focus the attention on the homogeneous components up to class 4g + dn. 
If g > 2, then 2g + 3 + dra < 4g — 1 + rfn so we can study what happens in classes 
2g + 1 + /c + (in, where 3 < < 2g — 3. We claim that 

{{[vnyx^], [vnyx^^'^y] = 9n) when k = 2q - 2^^'^^°- 
for some 2 < a < /i + 1 , 
i^nyx^\) otherwise . 

If = 2g — 2^^"^'°- for some 2<a</i + l, by hypothesis M2q+\+-k+dn is generated 
by both \vnyx^\ and \vnyx^~^y\. since + 2 — a > the number + 1 cannot be of 
the form 2g — 2'^"'"^"° for any 2 < a' < + 1, so \vnyx^y\ = by moreover, the 

following equation (jlj) 

(4) = \vr.,^yx^^-\yx^^-^r-^yx^^-\Qlx\\ = [9^] , 
and the standard expansion 

= [v^yx"^-''^'-''-'[yxy]] = rny] 

show that the element = 6'^ is central. 

The remaining case is covered by the proposition (CC). 

Now look at the class 4g — 1 + dn, which in the case q = 2 {i.e. h = 1) coincide 
with the class 2g + 3 + dn: 

M4,_i+rf„ = {Kyx"^-% [vnyx'^-'y] = C') • 

The centrality of the element ^^"""^ has been already proven; moreover, the expansion 

(5) = = [vnyx'"-'] 
where 

Vs for n = 2s , 

for n = 2s + 1 , 

shows that 

M4,+,„ = {[vnyx^'^-^y]) = (Kyx^'^-^y]) . 
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Finally, the last homogeneous components are generated as follows, where i runs 
between zero and rj — 1 and k between zero and 2q — 1, with k ^ 2q — 2 ior i — rj — 1: 



(Kya;2«-2(^3,2g-iy^^2g-i| ^ for A; = 2g - 1 , 

4g+2,i+k+dn - ^ h + 2<b<g + h , 

otherwise . 



To prove this result, we distinguish some cases. 

• when k — and I < i < rj — 1 (the case i = has been already proven), then 
first we have that 

= [vnyx'^-'{yx'''-'y%] = (^^yvnyx^^-'iyx^^-'ryx^'-'x] . 

In particular, in the case i — r) — 2^'+'^+^"^ for some integer h + 2<b<g + h, 
two more identities are required, since M4q+2qi+dn-i is two-dimensional: the 
former reads as 

= [vr.yx"^-\yx"^-')V^-'[yxy]] = [vr.yx"^-'{yx"'-'yyx"'-'yy] = [9'^y] , 
while the latter uses the relation [6qx] = 0: 

(6) = [vr,_,yx''^-\yx''^-y-V-'K^]] = [vnyx'^-'iyx'^-Jyx'^-'yx] = [e'^x] ; 

• when A; = 2g — 2* for 1 < s < /i, 

— and i — 0, then the relation [//o,2y] = can be used: 

(7) = K_ii/x-2'^-2(yx2'^-i)'"-2yx-2'^-^^-^[/xo,2|/]] = [vnyx^'^-W-'y] ; 

- and i > 1, we can use the relation [^q^^x] — 0: 

(8) = [//n.)[C'^]] = [vnyx"^-'{yx"^-'yyx'-'y] , 

• when k = 2q — 1, 

- and i — T] — 2^+'^+^^^ for some h + 2<b<g + h, then M4q+2qi+2q-i+dn is 
two dimensional; 

— and i is not one of the above values, then define A as the exponent of the 
highest power of two dividing i + 1 and use the relation [Aio,j+2^+il/] = as 
follows: 

(9) = [vn-iyx''-'{yx''-y-'-''yx''-'[i^o,i+2>^+iy]] = [vnyx"^-\yx"^-')V-'y] ; 

• when k is not one of the above values, then proposition {CC) proves the claim. 

Now to conclude look at the homogeneous component occurring for A; = 2g' — 2 and 
i — r] — 1: 

M4g+2g(r,-l)+2g-2+<in = M^q+din+l) = {[Vnyx'^''-^ {yX^^-y'V'^]) = (K+l]) ■ 
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Appendix A. The expansions 
A.O. Computing tools. Lucas' Theorem [KW89[ [Luc78j will be used several times: 

n n 

if a = Qi ■ 2* and b = bi ■ 2* are the 2-adic expansions of two integers, then 



i=0 i=0 



:)-n(:;) (-^) 



i=0 

For instance, as a consequence of the formula above, we have that 

_ 



1 (mod 2) V < i < 2^" - 1 . 
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The following identity (X) will be be useful in simplifying some evaluations: if Q is a 
power of 2, then 

To prove the identity (X), consider for z > the power sum of the elements of the 
field Fq: 



a = 



E 

Then, for n = {Q — l)s + r > we have that 



1 (mod 2) ifQ-l\z, 
(mod 2) otherwise , 



^ E E : - E : E - E ,« - r„ . . 

aGF^ aGF^ i=0 ^ ^ j=0 ^ ^ aGF^ j=0 

Since a" = a"^ in Fq, the leftmost term in the above equation only depends on r = n 
(mod Q — 1): thus, this is true for the rightmost term too, and then identity (X) 
follows. A more general statement, generalization of a congruence originally shown 
by Glaisher in 1899, is proven as Prop. 6 in |Mat06] by multisection of series. 



A.l. Expansion of eq. ([T]). The first equation we deal with is ([T]), whose expansion 
gives 

= [yx^'i~'yx'^~''''-h^'i-^'''-\j] + [yx''>-'yx'>-''"-'z^''-''-'] ^^'^ " " ^ 



q + 2 



= [yx^'i-'yx'^-^'-'-h^'i-^'-'-'y] 

= [yx^'^-V^Vy] , 

since the binomial coefficient is equivalent to 

'3q - 2'-^ - A _ /2\ fq - 2'-^ - 1 



g + 2^-1 - 1 7 VV V 2^"^ - 1 



(mod 2) 
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A. 2. Expansion of eq. (jj]). Expanding from tlie back: 



= [[vs-iyx^'-\yx^^-'r-\x'^-\v,^,yx^'^-\yx^'^-y-^yx^-^] 
= [[v,.,yx^''~\yx^^-'r-^yx'^-^][yz''^+'^]] 
= [vs-iyx^''-^{yx^''-^f-^yx'i-^z'^'^''y] 



2qi 



ds + q \ 4-4 / / ds + q 



2q(n + 1)-1J j^,\\dj-2 + 2qiri + 2] 
^ ^\dj-2 + 2q{T] + 2 + i)) ^ \dj - 3 + 2q{2r] + 2) 

In fact, the second and the last term in the above coefficient are equivalent to zero 
modulo two in view of Lucas' Theorem, since their denominator is odd while the 
numerator is even. The remaining terms can be rewritten in terms of g and h as 
follows: 

'ds + q\ _ /(2f+^+i - 2)s + 2^ 
2qi ) ~ \ 2^+H 
ds + q \ f ds + q 



dj -2 + 2q{r] + 2) J \{29+'^+^ _ 2) (j + 1) + 2''+^ 

ds + q \ - f (2f+^+i - 2)s + 2^^ 

dj -2 + 2q{ri + 2 + i)) ~ V(2f+'^+i - 2)(j + 1) + 2''+i(i + 1) 

and thus arranged in an unique sum that can be shown to vanish by using Lucas' 
Theorem and identity (X): 

\^29+'^+i _ 2)j + 2'^+H ; ^ ^ V (2^+^^ - 1)J + 2H ) ~ ^ ' ' 
since 2^^^ < 2^i for i ranging between 1 and 2^ — 1. 



A. 3. Expansion of eq. (|3]). Then we have the equation ([3]), needed to prove the 
centrality of 0^_i: note that, in this case, the relation can be conveniently written as 

2 

[e^x] = [yx^i-^yx^'-^yx^'-y-^yx^'-^yx] = [yz^^^^'^+^'>+^'^-^yx] , 
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since the element [yz'^'^^'^~^^'^~^'^'^~^yxx] is non zero. The expansion begins as: 
= [vn-2yx''-\yx''^-y-V-'[e^x]] 

+[vn-2yx''^-\yx''^-y-V-'x[yz''^''^'^^''~'y]] 
= [vn-2yx''-\yx^'^-')'^-V'-V'^''^'^^''-']yx] 

+[vn^2yx'''-\yx''^-y-V'x[yz''^^'^+'^+^'^-^]y] 
+[vn-2yx'''-\yx'^~y-V'''xy[yz''^^''+'^+'''-']] 

+ao ■ [vn-2yx"^-\yx"^-y-V'xz^'^^'^+'^+''^-'y] 

+[vn-2yx^''-\yx^''-y-Wi-^xyz^''^^+'^+^'i-^y] 

+(b + co) ■ [vn-2yx'"'-\yx'"^-y-V^xyz^'^^^+'^+^''-^yxz] 

+{b + ci) • [vn-2yx^''-\yx^''-y-V~^xyz^''^'^+^^+^''-^xyz] 

= [vn-2yx^''-\yx^'i-y-V~^xz'"'^''+^^+^'i-^y] 
+[vn-2yx''^-\yx''^-'r-W'''xyz'''^''+'^+''^-'^ 
+[vn-2yx^''-\yx^'i-y-V~^xyz^'i^''+^^+^'i-^xyz] 

= [vn-2yx^''-\yx^'i-^y-W^xyz'"'^''+'^+^'i-^xyx] 

2 

where, for t = 0, 1, we have 
f2q{r] + 1) + 2g - 2 
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at = 



+ 



/2g(ry + l) + 2g-2 
V 2g + 2g-2 + i 



2q{7] + 1) + 2q - 2 
2q-l + t 

jj— 1 



2g(r7 + 1) + 2g - 2 
2q{i + l) + 2q-2 + t 



Ct 



f2q{rj + l) + 2q-2\ f2q{ri + l) + 2q-2 



2q-2 



+ 



2g + 2g - 3 



/2g(77 + 1) + 2g - 2 
^ V25(i + l) + 25-3 



/ 2g(77 + l) + 2g-2 \ 
\2q{r) + l) + 2q-A + tJ 



The identity follows by applying Lucas' Theorem to the above binomial coefficients, 
since for < a < + 1 and 1 < 6 < 2g we get 



'2q{r] + l) + 2q-2 
2qa + 2q-b 

which does not vanish only when a 



V + 1 
a 



2? - 2\ _ f29\ /2q - 2 
2q-b) ^ \a) \2q-b 

0,7] + 1 and b = 2,4,2g. 



(mod 2) , 
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A. 4. Expansion of eq. (j4j). To prove equation (j4j), let a = /i + 2 — s, for 1 < s < h 
and expand as follows: 

= K^,yx"^'\yx'^-y-W^-'[yz'''-''x]] 

= K^wx''-\yx''^-'r-V'-'[yz''^-nx] 

+ [vn-,yx"^-\yx"^-y-W~Myz''''l 
4g-2^\ /4g-2*\ / 4g - 2* 

1 ; ^ V 2g )^[2q + 2q-2^ 
■[vn-,yx"^-'{yx"^-y-V-'z''-''yx] 
+ [v„^^yx"^~\yx"^-y-V-'x[y^''-'l 



'4q - 2A /4g ( 4g - 2^ 

' ' y \2q-lJ \2q + 2q-2'~l 

■[vn-iyx"^''iyx'^-'r-'yz"^-''~'yx] 

r 2(7—2^ — 1 1 r 2fj 2^ — 1 i r 2f>— 2^ 1 i 

= [fn^/x ^ xx\ + [Vnyx ^ yx\ + [Vnyx ^ xx\ 
= [vnyx'^''~'^''~^yx\ 

= [C-^X], 

since the binomial coefficients which are not immediate can be evaluated by means 
of Lucas' Theorem as follows: 



4g-2^\ _ / 4g-2" 

2q ) ^ \2q + 2q-2 

4g-2^\ _ / 4g-2" 

2q-l) ^ \2q + 2q-2'-l 

A. 5. Expansion of eq. (|5]). First we expand in the case n even: 
= \v,,v. 



1 (mod 2) , 
= (mod 2) . 



' ^ '2q - 1 + ds\ ^ / 2q-l + ds 



dl / ^\2q-l + 2qj + dl 



[VnyX^'^-'] . 



(FINITE) PRESENTATIONS OF BI-ZASSENHAUS LOOP ALGEBRAS 

In fact, the involved binomial coefficients can be rewritten first as 
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'2q-l + ds\ f /'2q - 1 + ds\ ^ / 2q - 1 + ds 

^ ^^tru J+^U-i+2gj+rf(/-ix 



and then, by using binomial properties, as 

, f f2q-l + ds\ f2q-l + ds\ ^ 

but now. 



2q-l + ds\ ^ f2q-l + ds\ ^ / 2q - 1 + ds 



dl 

and so the remaining coefficient is just 



El 2q — 1 + ds\ f 2q — 1 + ds 

\ rll I ~ ^ 



^^\d{s-l + l)J ' 



/ 2q-l + ds \ f2q - I + ds 



Now, by Lucas' Theorem and (X) , one gets 



= LL( (2.+/^+! - 2)/ - 2'^+!, ) ("^^^^^ 



i=i i=i 

s 23-2 



/(29+'' - l)s + 2'' - 1\ 



3 

s-1 2»-2 



/ (23+^ - l)s + 2'* - 1 \ , , , 

- L L (^(2.H-. - 1)Z + i29^n _ 2.,- _ 1) ) 2) 
= (mod 2) , 

since 2^* — 1 < 2^^^ — 2^j — 1 when j ranges between 1 and 2^ — 2. 
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Then we expand equation ([5]) in the n odd case: 



[v,yx^^-\yx^^-'y-^z^<'^)+''^-'+^'y] 

'2q (2±i) +2q~2 + ds\ ^ (2q (2±1) + 2q - 2 + ds 



' ,7-^1 
2 



1 /'^-i / 2q (2±i) + 2g - 2 + rfs \ /2g (2±i) + 2g - 2 + rfs 



i=0 \j 



- \2q (2±i + j) + 2g - 2 + d/y* ^2g (2±i) + d(/ + 1) - 1 




-^2g(2±i)+2a-l+dsn 



■2g (2±i) + 2g - 2 + y^y^/ 2g (2±1) + 2g - 2 + rfs 



[vsyx^^-\yx^^-'y'^z^<'^)+''-'+^'y] 
+S ■ Ki/a;2^-2(^^2,-i)ii^^2,(2±i)+2,-i+ds] 



The second and the last binomial coefficients vanish since they have an even numerator 
and an odd denominator. The sum S of the two remaining terms can be arranged as 
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follows, by using Lucas' Theorem: 
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X (2q{^) +2q-2 + ds\ J^'^ f 2q {^) + 2q - 2 + ds \ 

)+L.2^^[2q{^-±^+j)+2q-2 + dlJ 

_ /(25+'^+i - 2)s + {2a+>^ + 2'»+i - 2)\ 



j=0 

s-l 29-2 

1=0 j=0 
29-1-1 



(^(29+/»+i - 2)i + 29+h + 2^+^{j + 1) - 2 



s-l 29-2 
29-1-1 



/(2ff+'^ - i)s + 29+'*-! + 2'^ - 1 



2'^j 

{29+h _ 1)/ + 29+^-^ + 2''(j + 1) - 1 



_ ({29+^ - l)s + 2^+'^-! + 2'^ - 1\ 



3 

s-l 29-1-2 

E 

l=Q j=0 
s-l 29-2 

^ S,=25-i ^^2^^' " + 2^^'"' + ^'^^j + 1) - 1 



(^29+h _ 1)5 + 25+'*-i + 2^^ - 1 
(29+/^ - 1)/ + 29+1^-^ + 2'^(j + 1) - 1 

(29+/^ - l)s + 2^+'^-^ + 2^^ - 1 



E 



j=0 

s-l 29-1-2 

+E E 

/=0 j=0 

s-l 29-1-1 

+E E 

1=0 j=0 



(29+/' - l)s + 2^+'^-^ + 2'^ - 1 
2'^j 



/ (29+/^ - l)s + 29+''-^ + 2^'-l 
\{29+f' - 1)1 + 29+^-^ + 2h{j + 1) - 1 



(2f+'' - l)s + 29+^-^ + 2^ - 1 
{29+h 1)^2^ j 
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The first term can be grouped into the last one, and then S can be evaluated by using 
the property (X): 



~ ^ V(29+'» - 1)1 + + 2\j + 1) - 1 

+ ^ ^ 1, (25+^^ - 1)/ + ) 

_ ^ ({23+^ - l)s + 2f+'^-i + 2'^ - 1 
~ V(2^+'' - 1)^ + 2^+''"^ + 2'^ - 1 

^ V(29+'» - 1)1 + 29+'»-i + 2'»(j + 1) - 1 j 



s 29-1-1 



n29+h _ i)s + 2^?+'^-^ + 2^^ - 1 



(29+h - 1)1 + 



1=0 j=Q ^ 

_ ^ f{29+'' - l)s + 29+^-^ + 2'^ - 1\ ({29+^ - l)s + 29+''-^ + 2'' - 1\ 
~ V(2^+'' - 1)^ + 29+h-^ + 2^* - ly V(2^+'' - l)s + 29+h-^ + 2'* - ly 

V(29+'»-l)Z + 29+'»-i + 2'»(j + l) -1 



29-1-1 



{29+h _ ^ 29+^'-^ + 2^-1 

{29+h _ 1)/ + 



+ E E 

/2g+ft-i + 2'* - 1\ ^'v^^ /(2S+'* - l)s + 29+^-^ + 2'^ - 1\ , 

^ (2.+'.-. + 2-. - 1 j - ^ + ° + E (2»« - 1), + 2-., ) 2) 



j=0 

''-^ V2s+'^-i + 2^^ - 1\ 



i=o 

29-1-1 



2'^i 



1 (mod 2) , 



and thus the thesis. 
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A. 6. Expansion of eq. dHI). Then we proceed with ([6]), where i = rj — 2^^^^^^^: 

= [vn-iyx^'-\yx^'^-'r-V^'^[yz^^-^+"^^'+^^x]] 
= [vn-iyx"^~\yx^'^~y-W'V-'^''^'^'^]x] 

= n ■ [vn-iyx^'-\yx^''-'y-V'z''~''''''^''''^yx] 

+ [v^.^yx''^-\yx''^^y^'z'''~'-'"^^^-''^y] 
+ro ■ K_iyx2^-2(yx2^-^)''-iz2g-i+2,(.+2)] 

= K_il/x2'?-2(yx2''-l)^-lz2</-2+2,(^+2)^] ^ K_iya;2'?-2(^a.2,-l),-1^2,-l+2,(.+2)] 

= K_ii/a;2'?-2(yx2'?-i)''-iz2,-3+2,{.+2)^^] 

= Kx], 

where for t = 0,1 

'2g(i + 2) + 2g - 2\ /2g(z + 2) + 2g - 2\ /2g(i + 2) + 2g - 2 
t y^V 2g-l+t J \ 2q + 2q-2 + t 



2q{i + 2) + 2g - 2 \ / 2q{i + 2) + 2g - 2 
2g(j + 1) + 2g - 2 + ty \2q{i + 2) + 2g - 3 + t 



Since the binomial coefficients whose denominator is odd vanish, the non-zero and 
non-trivial binomial coefficients reduce to 
'2q{i + 2) + 2g - 2\ _ A + 2' 



2q J \ I 

'2g(i + 2) + 2g-2\ _ (i + 2 

,2g(j + 1) + 2g - 2^ = Vj + 1 
and thus the identity follows. 

A. 7. Expansion of eq. ([7]). 



: T] - 2^+^+^-^ + 2 = 1 (mod 2) , 
(mod 2) , 



= [Vn- 


-lyx^'- 


'\yx"^-'\ 


r 


Sx^"- 




= [Vn- 


-lyx'"- 


-\yx^'^'^\ 


r 






= [Vn- 


-lyx'"- 


-\yx'''': 


r 


-''yx"^- 


-'^''[yz"'--'y]] 


= K- 


-lyx^'^ 


'\yx''-': 


r 




-'-'\yz'^-']y] 



for 



A . [v^.^yx'^-'iyx'^-y'-V-'-'' z'^-'y] 

[vn-iyx'''~\yx'''-'r-V'-V'-V'-V'-''-'y] 
[vnyx^'^-^yx'^^y] , 



^^,,^6g-3\ / 6g-3 \ ( 6g - 3 

2' ) \2q + 2' - l) \Aq + 2' - 2 
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In fact, the evaluation of the coefficient A can be done as usual by Lucas' Theorem 
first 



6q-3\ _ fAq\ f2q - 3\ _ (2q - 3 
2' \0 \ 2' \ 2' 



(mod 2) 



6,-3 X ^ ^M/0W2,-3A 

2q + 2'-lJ \0 J\2qJ\2^-lJ - 1, 



(mod 2) 



6g - 3 \ _ /4g\ /2q - 3\ /2g - 3 
j + 2'-2j \AqJ\2'-2j \2' - 2 

and then by using some elementary properties 

2g - 3\ /2g - 3\ /2g - 3\ /2g - 3 
2^ y V2' - 1/ V2' - 1/ V2' - 2 
2g - 2\ /2g - 2 

2« y V2' - 1 

2g- r 
2« 

= 1 (mod 2) . 
A. 8. Expansion of eq. (|8]). 

= [finAOo^'x]]] 

= [vnyx'^-'iyx'^-')Wy] , 

since via Lucas' Theorem the involved binomial coefficients can be evaluated as fol- 
lows, where a, (3 E {0, 1} 
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A. 9. Expansion of eq. ([9]). Consider tlie index < i < rj ~ 3 and let A be tlie 
exponent of tlie liigher power of two dividing i + 1, hence i + 1 = 2^ ■ r where A > 
(with equality when i is even) and r is positive odd integer. Due to the bounds on i, 
we have 

'23 - 2" 



r < 



2 



A 



< 2^-^ - 1, 



where the first becomes an equality if and only if i = rj — 23+^+^^^ for some h + 2 < 
b < g + h, or, equivalently, i = 2^ — 2''' — 1 for some 1<7<5' — Iso that A = 7. 
When we are not in the above case, then 

z + 2^ - 1 = 2^ ■ (r + 1) - 2 < 2^ • (2^"^ - l + l)-2<2f-2^-2<r/-2. 

Moreover, if i is even, then A = and then i + 2'^ — 1 is even, too; otherwise, if i 
is odd, then A > 1, and then z + 2^ — 1 is still even. But t] — 2°' is always even, 
for 1 < a < g — 1, hence — (i + 2'^ — 1) is never 2°, for 1 < a < g — 1. Then 
[f^o,i+2^+iy] = we can expand the Jacobi identity 

= K_iya;2«-2(yx2^-i)'^'-i-2'yx2^-2z2g(.+i+2-)+2,-3^] 

'2q{i + 1 + 2^) + 2g - 3A /2g(z + 1 + 2^) + 2g - 3^ 
2qj + l )^[ 2q- 2^ 




'2q{i + 1 + 2^) + 2g - 3' 
2g(2^+j) + 2g- 1 

As usual, the terms in the last sum vanish since 2g — 1 > 2g — 3, while the remaining 
terms can be rewritten together as follows: 

'2q{i + 1 + 2^)\ _ >^ /2^ ■ r + 2^ 



2qj I ^ \ i 



= 1+0+r+l 
= 1 (mod 2) , 



since r is odd. 
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